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ABSTRACT

Spatially dependont au toregressive models in m dimensions are

defined, The con iltions for atationari ty and invertibility are 62-

termined, The autocorrolation function and Yule-Walker equations

are obtained for the general case, and as particular cases

z(t) - f(x1, x2; t), for ~ Od < t~~~t0, for special discrete values

x1~, x2~, and t~, for various grids in (x.1, x2 ) plane and for orders

1 and 2 in tbne. The spectra are obtained for these particular

cases, and same resul ts for the partiI~1 autocorrelation function.

All results are new. The notation, definitions and aas~m~ tions are

those given by Vosa et al (1977). We assume etationarit~r of zx, t
over time t, where x - (x1, x2, ••~~ 

x~ ) an in dimensional vector.

We assume the covariance structure as given by Hannan (1970), with

~ ~>0, and al]. covariancee existing, Nan-stationary models will.

be considered in later papers.
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1. ~~~initions, Model , Assumptions, Conditions.

The notation, definitions and assumptions are those given by Voas

et al (1977). We assume stationarity of 
~~~~~ 

over time t, where

x - (x1, x2, ... ~ i~~) an in dimensional vector. We assume the covariance

structure as given by Hannan (1970), with ~ 70, and all covarianoes

existing. Non-stationary models will be considered in later papers.

The autoregressive model in in dimensions is defined as

(1.1) Z
X~ f~ -:~::; ..4rO~~~k.] ¶~n,k ~~~~~~ t-k 

+

in (1.1) x.1, x2, ... are a space variables, and t i~ the time

variable • The a ‘a are independent shocks, I • e., independent random

variables with zero mean and variance of ~~~~~~ e’~ ; mx,t is
independent of 

~~ ~~k except ithen k - 0. The autocorrelation func tion

of the white noise process a Is given by f L. 1 k~O
x,t O,O,..., 0, 0 ~-0

for - ~0 < ~ <~~~. We assume that 
~x,t 

is a weakly stationary process.

The autoregressive process can be thought of as the output a from a

linear filter with transfer function + ‘(B
~
,Bt ), ~then the input is

white noise a • In this paper we are interested in some special casesx, t
of (1.1) in which only a finite number of coefficients are non-zero, i.e.,

~~q ‘~~r(1.2) 
~~~ 

- 
~~n--p 

L 
~~~~~~ ¶n,ic Zx+n, t-k 

+ a
~~t ,

where p — (p1, p2, ... ~ 
p~)~ and q — (q1, q2, ... , q~). In this case V

4’(B~,st ) is finite. Therefore for invertibilit~y, no restrictions are
needed on the parameters CPn k The autocovariance function of the auto-

regre ssive process , AR , is obtained by multiplying throughout by zxLt ...k
and then by tak ing expectations. We can obtain autocovariancea via the

autoco varia nce generating function r(B~
, 8

t~ ~~~~~~ _~~~~
Z

~~~ _~~~~YOd 
B
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where is the coeff icient of both B~ B~ and Ø~ C B;d 
, and is

the variance of the process. It can be shown that

(1.3) r (B~
,a~

) a-~ *‘(B,~,B) ‘
~
‘(F

~
Ft ),

where 9)(B~,Bt ) - 
~~~~~~~

B
~~
,B

t
) and -

Spectrum . If we substit ute Bt - e 12
~~~ and B~ - e for

j

1. < j ‘~m md i - in (1.3), we obtain the power spectrum. Thus

spec t~rum of AR process is

(1.1& ) p(f ,g) — 2 C~~ 14~(e_i2 h1
~ , •

-.i21Tf~ 2 
, o f ~ ½,

0 ~ gj ~ ½ ,  g - (g1, g2, .. ‘ ‘ 
~~ ( i~~~ ~~2~~f) -

C1
~) (e_i2

~~~l , ~_i21r~~. , •
—i2Wg ,~ e~~2 ).

Stationarity. The stationarity conditions for AR process are generalizati ons

of Box and Jenkins, i.e., for stationa rity 4) ~(B~,B~) must converge for

some sets of values of B~,Bt . These conditi ons are obtaine d for various

models in the next two sections .

In section 2 we consider the case of in - 1, and in section 3 we con-

aider the case of m - 2. In eac h of these sections , various models are

discussed discussed in detai l.. All zero dimensional results of Box and

Jenkins (1970) are special cases of the more genera]. models in this paper.

2. Autore gressive Models in in - 1 dimensions.

For a - 1, (1.2) can be written as (writing x for x1 and n for n1)

(2.1) 2x,t 
- Z n ,.p , ~~ k.l qn,k ;+n t_k +

The process defined by (2.1) is denoted by AR ( r; p1, q1) , and can be

written as,

(2.2) + (Bx,Bt)~~~~t 
= a

~,t ~ 
where

(2.3) 4) (B~,Bt) - 1 - Znhl ...p,~~~kwl. ~~n,k ~~
The autocorrolation function, Yule-Walker equations and stationarity
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conditions are obtained for various special cases of AR (r ; p1, q1).

since the series 4)(B~,B~
) in(2.3) is finite , no restrictions are

required to ensure invertibility.

2.1 The Model AR (1; 1,0)

From (2.1) , AR (1; 1,0) writing 
~ 

for and 
~~2 for

(2.1.1) - l~lZx,t..l + 
~~~ 2~~~—1,~~—1 

+ 
~~~~ , 

correspondingly

can be wr itten as ~~~~~~~~~~~~~~~~~~ 
- 

~~~ ~ where

(2.1.2) ~~i
(B

~,B~) - 1 — (p 1+~~~B~ ) Bt .

Autocorre lati on Function. Multi plying throughout in (2.1.1) by

, we obtain

(2.1.3) ‘
~x-m,t-n

’
~x,t - ‘1l~z~m,t-n’

~x,t-l 
+ ¶2~x-m,t.,n 

‘
x-l,t-l + 

~x-a,t-n a~,t

(Lvi taking expected values in (2.1.3), we obtain

(2.1.L~) 
~~~~~~ 

- ¶iY m,n-i ‘~~ 2Ym..1,n_1 for

in - 0, n ~ 1; in~~1, n - 0; and a ~ 1, n ~ 1.

(2.1.5) Also - + 
~?2 Y 11 + (N~~ , since Y 0_1 ~~~~~ 

and 
~~~~~ ~~~~~~

C~i dividing by - in (2.1.t~) and (2.1,5),

(2.1.6) 
~~m,n ~~i fm ,n_i. ~

‘
~2 ~~_i~~_r either m70 or n 70 , but

not a - 1, n 0; and

(2.1.7) 1 - ¶~ 1
001 + ¶‘ 2 (‘u + (Y

~/ o~ V

From (2.1.t~) and. (2.].b), we see that both autocorrelation and auto-

covariance functions satisfy the same form of difference equations. From

(2.1.7) , the variance (3~~ may be written as,

(2.1.8) 
~~ 

(1 
~~ (‘01 

— ¶ ‘2 (‘a )

From (2.1.2)
~~i

(B
~
,B
~
) . 1 _((f~1+~~~B:x~

) St ~~~~~~~~~~ 
t~1

V V



-2 lrif ~2 ’T igIf we suDstitute B
~~~~e and B

~~
.e , i . T — l in the auto-

covariance generating function (2.1.8), we obtain the power

spectrum. Thus the spectrum of AR (1; 1,0) is given by

(2.1.9) p(f,g) - 2 O~ /1 i _~~~e_2~~~ _~~2e
_2 

.
_2 Yr ig ~2 —

2(T~/ Ci +
~~
‘
~ ~4~2 ~~Li’2 cos 2

.lfg — 2(C~1co. 21~f +f )2
cos 21r(f+g1)J ,

o~~z~~½ ,  0~~~g~~~½.

Again when ‘12 • 0, we get the corresponding result for zero dimensions.

Stationarity. For stationarity, the autocovariances and aut.ocorrolations

must satisfy a set of conditions to ensure stationarity. The conditions

can be costhined in a single condition that the generating function

muat converge for 1B
~~1~~ 

land l~~ ~ 1. See Theorem (2.1.12) below. Now

(2.1.10) ‘4)(B
~
,B
~
) ~~ (

~
. - (~)

1+~~2B~) B~) 1  ‘1 d0 (9 1+~~2B ) d B~
From (2.1.10) we see that for stationarity t’~l~ ~

)
2B~ I<1 

and BX I~ 
1.

Taking B~ - 1. and B~ 
- —1, the parameters of AR (1; 1,0) must satisfy

1(i)i+~~2t <]., and 1 Ti _
~~ 2 l<1~ to ensure stationarity. The two

conditions can be combined into a single condition.

(2.1.11) Ii’~
1 +I j~2 l ‘

This region is shown in Fig. 1
(~Jo)\
\ 7/ l’t

(°rt )
We briefly give a justification for lax I ~ 1. Operationally the condition

for stationarity may be written as
I5x,t - 

~~~~~~~~~ 
5t) ~~~~

- ~~1 + 
~~~~~~~~~ 12~x~ 

Bt + 
~~~~~ “P2 ~~~ 

+ ax,t
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V

- ax,t + 
~~~~~~~~~ ~x,t..l 

+ 
1~~~~2

5
X~ 

5x,t.p2 + •
~~~
‘

• ax,t+ ¶ 1a~,~~.1+ Cf)2*x_l t..1 ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~
This series does not involve Bt. Hence it is zero dimensional in x,

So, ( B ) ~ 1, as must be the case for stationarity for any B opera tor

since we assume etationarity in {~, tJ , x a vector.

(2.1.12) Generalization of the theorem in zero dimensions.

The roots of the characteri?tic equation must lie outside the

unit circle in each variable, Bi when all other B’s are set to one.

The condition must also hold, as stati~nari t~r in it dimensions, in + i.

variables, requires atationarity in every direction in the in + 1

variables. The same condition holds in oas• of invortibilit~r for the

M models.

Autoregressive parameters in terms of autooorreletions Yu le—Walker oquations.

From (2.1.6), we obtain 
~~~

(2.1. 13) (‘01 - 9~i “~ 2 (‘10

flu 
- ~

f) i  fio 
+ ? 2 Hence

(2.1.114) p~ (f~ Puf l ~&/ ~’ ~~~~ -~~~~~

¶ 2 (j°~ - 
/
0
01 fio~ / 1 ~O

Again from (2.1.6) we obtain

(2.1. 15) 
f°0,k - ‘f~~i /°0,k—l + cf) 2 f’l,k.l ‘

(2.1.16 f 1k,0 - C? I. I°k,1 
+ 
‘12 Pk~~1,1 ~ k ’l .  and

(2.1.17 ) (k,k ~f’i fk,k.]. 
+ ~P2 (‘k4,k_1’ k ~ 1.

Formulas (2.1.7), (2.1.13), (2.1.11.8), (2.1.1 ) and (2.1.16) can

be usad recursively to compute various autocorrelations.
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A apec~ial casu of (2.1.114) occurs if p01 ~~~~~~ 
. Then from (2 .1.114)

¶.~. 
S~2 - f 01( 1 + p10Y~ , provided f~•0 # 1. As an oxnmple, if

,°ui e~ Pio - ½, then ¶i -P2 1/3 .

Another special case occurs if - 1, then from (2.1.11) we have

f~oi P1 + ?~ °
~~~ 

- + 
~~2 

which is meaningless unlcsa - Pu’
and of cour5e + ‘f’2 - - j

0~~~ . Clearly this means 1C~~~ ‘P2 ’
~ 

< 1,

one condition as already seen in (2.1.10) for invertibility. Such cases

however are singular since we insist 1 - ~~ 0.

Further we note that and Cf> 2 ar c determined by foi’(>io’ and

Conversely if and are chosen in accordance with (2.1.13) , then given

any one of (‘~~ ‘ f~ ’ or f~
, the othe r two are det~rmthod.

(2.1.18) As an example we take p1 • .2, 922 —.6

- .2 
~x,t.-1 - ~~~~~~~~~~~~~~ 

+ a~~

The aot of vaLues for the 
/
0 ‘a is determined by the equations (2.1.3), V

given ¶
~.‘ ¶2 and (710 we solve for ai~~ Pu ’ We choose .5

and consequently - 
~~~~~~ 

~ 

- — .5. The autoeorr olaUon functi on

is given by (2.1.6), (2.1.15), (2.1.16), and (2.1.17). In all cases

p ~~ 
m>~0. For the 8pecial case • .2, - —.6 , the auto-

correlation function is given by the diagram where the x axis

represents a and the y axis n.
1 2 3 14 5 a

1 .5 .25 .125 .0625 .03125
2 —.1. — .5 — .25 — .125 — .0625 —.03125
.3 .28 —.0i4 .25 .125 .0625
Li .08 — .18 .0714 — .125

.131 -.083 .12014
6 ~~~~~ —.095
7 .072

n



a

The analysis for the model AR (1; 0,1) is given by

(2.1.19) 
~xt - ¶ ].~x,t—1 + ~~~~~~~~~ 

+ ~~~~

It is similar to model AR(l; 1,0). Th, results are analogous if

we replace the parameter ¶2  by ¶~ 
and the operator B by F.x x

2.2 The )bdel AR (2; 1,0). AR (2;l ,0) is given by
Pd

(2.2.1) 
~xt - ¶oi x,t-1 + 

~~~~~~~ 
+ TO2Lx,t_2 

+ 
~~12 x—].,t-2a + a ~~~, or

(2.2.2) 
~~2 

(B B • a wherex ’ t 1 xt xt

(2.2.3) ‘
~~ 2 

(B
~
,Bt ) . — <

~ oi. + ¶uB~ + ¶o2Bt + 9) 1~B~B~) B
~•

Conditions satisfied by the autocorrelations. The correlation matrices

for the Yule-Walker equations in t and x are,

11 f~oi f O~~(2.2.14)

- ~~2 1 and ~~2 
~t 

- 1a x ij a 

Leo2 ~ 
1

From (2.2.14), positive def initeness implies 1 _p
~ 

> 0

1 j°w. (u (~o~ i~12

1 f’oi /002 (‘01 
1 fio (‘oi (‘ii

(2 .2 .5) (‘01 1 ~~ ‘O , and A]. (‘10 1 (‘~~ /001 ~c.
o~ Col 1 

(‘02 foi fu 1 PlO

(‘12 Pu f ~a ~~ 1

~1Auto cor relation function. Mul tip lying (2.2.1) by 5x.m ,t~~ ’ we got

IW ~.‘ — -~sx-lII,t_nsxt - 9)0i
$x_m,t_nZx,t_i 

+ + ~~~~ t~-2
5x..iu,t-n

+ ¶12Zx_m,t_n
Sx_1,t_2 + ‘

~~-it,t-n ~~~~

Taking expected values on both sides, we got

(2.2 .6) • j:~~ )‘
~~~fl~~ 

+ ¶UIit_ 1,n-1 + ¶02 Yrn,n—2 + ¶>12 Ym-1,n~2

for m - o , n~~~l; m~~~1, n - 0 ; n~~~l, m�1.

Also



I

(2. 2.7 ) y~ - + ¶~~I u + ¶O2~~O2 
+ 
~~1’(l2 +

Dividing by • in (2.2.6) and (2.2.7)

(2.2.8) - ¶oiPm,n-i + ¶U /O
~.1,n l  + ¶~O2fm,n-2 + ¶12 Pm-1,n-2

£ o r m - O , n �l ; m)1, n e 0 ;~~~~~1, n~~~l. And

(2.2.9) 1 ¶01(01 + ¶U /0U + 
~ O2 fO2 

+ ¶12/012 
+

The variance frets (2.2.9) is given by,

(2.2.lo)(T~ - ~~a/t1 
_

CIOi /
0
0i 

- 
~1II /0U 

- ?02/002 
— 
¶~l2 /’12).

Spectrum. Let ‘4) (a
~
,Bt) •4~~

’(k3
~
,Bt) , and from (2.2.3)

2 (B ,B
~

) • 1 - + 9) i1B~ + 
~~O2

8t + pi2B~Bt ) 9t
Substituting ~~~~~ 

- and — in the autocovariance

generating function r(B ,B~
) given in (1.3), we get the power

spectrum. Thus the spectrum of AR (2; 1,0) is given by

(2.2.11)
p(f,g) • 2 (S~~,

/ Ii — ~01e
2
~~~ — ~11e

_2±
~~e 2l~~ — ~ 02e •‘~~ — j, ~_14urrt0

_2iITg~ 
2

O 5 f ~~ ½, o~~~g~~ ½ .

Stationarity. As in section 2.1, for atationarity 4l(B~,Bt)” ~~~~(B
~
,Bt)

- - + ¶11B~ + 
~~~ 2B~ + ¶12B B t) Bt )

- ~- o  ~ 
(9 ’  01 + ¶ 02 Bt) + 

~~ u
B~ + ¶ 12BXBt 

~ d

must converge for B~ ~ 1 and ~ 1 .

This implies that the roots o f] .  - ((9’oi +
~~u

B ) B t + 
~
j>O2 +i)i2B~

) a~) • o
must lie outside the region 

~ 
B.~, ~ 1 and 

~~ ~ 1. The conditions are

(2.2.12) ¶02 + Pl2 + ¶~ 
+ <

¶02 ~ 9’12 — 9’ol - ~~

02 
- 

~~~12 
+ 9~oi - 1~ll ~

f’ o2 ?12 o1~~~ f u  < 1  and

~~O2~ ~12~ 
<

~~~~
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Yule-Walker Equations.

Multiplying in (2.~ .i) 
~
‘‘

~x. t-1’ Z~~_] .~~$~;-1~I Zx,t.-2~ 
and

respectively and taking expected values on both sides, we get,

(�.2.114) f~o]. - ‘
~oi + ¶u Fio + ¶02 f01 + 9~12/~U

(2.2.15) /
0
11 ~ oi fio + ¶u + ¶‘02 I°n ~ ¶ 12 /001

(2.2.16 ) /002 — 
~ol fOl + <~‘]•]~f’]•]~ + Cf> 02 + c ~ P10 ~ and

(2.2.17) (‘12 9~w. /°ii + 

~PUf~o1 + 
~PO2 !°lO + 

~ l2

These equations can be solved and parameters ‘P01’ Pu ’ ¶02’ ¶12

can be expressed in terms of autocorrelationa. Also from (2.2.b) we obtain

(2.2.18) (‘Ok ¶O~ P0,k—1 + cp11 f1,k—1 + 
9~02 fO,k-? 

+ ‘F 12 P1,k—2
(2.2.19) 

(‘kO ~fCl t kl + P U l°k~1,1 ‘~~
‘02 f>k2 ~~Il2~~k-1,1 ‘

(2.2.20) fkk  ~~01ñc,k-l + PUf~k-l k-l + 
~?o2fk,k-2 

+ 9’12 Pk_~.,k_ � ‘
where k > 1. Formulas (2.2.18), (2.2.19), (2.2.20), and (2.2.8)

can be used recursively to compute various autocorro1ation~.

2.3 ?artial autocorrelation function for AR (1; 1,0). The partial

autocorrelation is a device which helps us decide which ordi~r autorcgre33iVe

process to Lit. i1ith the models given in sections 2.1 and 2.2, we prove

the following rc~ult.

Theorem. If the true model is AR (1; 1,0) , then • 0 and cp12 - 0

~~~~~~~~ f o i “ Pu
Proof. From (2.2.114) and (2.2.15) ,

/00]. 7°U ~~~~ fbi 
- 
fi~~ P1]) + 

~~~~ fiO~~Ol fu~ 02~ ?o~ I~’i~ ~
Substituting the values of 

~ - ¶~ 
and 

~ 11 
- 
~ 2 ~‘om

(2.1.12) and after simplification, we get ¶02
( f01 -f~ ) ( i -

~°~~~ ) • o.

L ——— ________________
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~~t 1 - ~ by (2 .~ .~~) and — fl~ ~~O by aas~~~tion, the~~fore

~
1IO~. 

- C). Similarly it can be shown that - 0, which completes the

proof. It ahoul d be nllt iced tha t all other parameters like 
~l~ok’ T~~’

and for k ~‘ 2 are zero.2.14 The Model AR (1; 1,1) • 9 ~~
- —

The model AR (1; 1,1) is given by

zxt l)oi2x,t_i + ¶_uz
~..i,~~i 

+ + ~~~ ~ which reduces

ininediatoly to
N p.

(2.14.1) 5xt ~f)oi
z
~,t..i 

+ 4) tz 
~~~~~~~~~~~ 

+ z
~+1,~ .1

) + a~~ since ¶~~ ~~~~~~~~~
‘U x—

~~ /°_ll f’u ’
(2.14.2) Hence $~ (B~,F~,Bt ) • 1 - (P~ 

+
~~11

(B
~
+F )) Bt.

The autocorrelation function is found by multiplying (2.14.1) by
Hto got ,

(2.14.3) x—n ,t-.n xt - ¶ oi5x~m,t~n
5x,t~1 + ¶fl~x—m, t—n~ ~ x-i,t-f z~+1, t_i)

+ Zx_m,~~~ ~~~ We take eXi octhd values to got•1

(2.14.14) 
Ym,n 

- 
~oiY~fl,fl-i 

+ ‘Pll~1m—1,n-l ‘ Im+i ,n—])
( ‘ .14.5) - 

~f~oiYoi + 2
~~~jj

’
y11 

+

(2.14.0) 
fm,n 

— 
~~oi p°in,n—1 ~Tn~?m-.i,n~ii’m+i,n~i)’ m 0, n ~ 1;

m ) l , n •0; m ? i, ~ From (2 . 14.5)  11’ we divide by Q~~,

(2. 14.7) ~~~ •G~ ( 1 — 

~~~~~~~~~~
• ..2ilT fThe power apoctrum i~; found nu usual by substitution of Bt - 0

—2i’lI g 2iTg 
~ • in the autocovariance genera t ingB •e

function r(B ,F ,Bt) ‘.t 9’(a,F ,B )  
~P (T~,B F t ) . Thus p(f ,g) is given byx x

—2iTff —2ilt g 2ilTg
(2.14.8) p (f,g) — 2O~~l1 

_ C
~o1e — a + e )I — 2

0~~~f ,O~~~g~~~½.

The conditions for st~ tionarity art~ found by aul t .Ing ~ ~I , ~ - ‘ 1,

L



Fr - ~~~~~~~~~~ V•_ V __~~~~ V V - VVVfl;V ~~= ~~~~~~~~~~~~~~~~~~~

12

and Bt ± 1 using the s~~c arguments aS hefore. Now

d d
- .~i - (p~~+ Tu(B

~
+F
~

) Bt )3 .1 • 
~~~ ~~~~ ¶~i 

(B
~~

+F
~~

) ) ~Hence the restrictions on the parameters are : 
~~~~~~~~ 

2(j)11t< 
1, 

~~~~~ 
< 1,

(2.14.9) or k~ .1 + 2k)111<l , similar to the resul ts given in (2.1).

The Yule-Walker equations are found from (2.14.6) using m 0 , n-i, and

r n - n - i s

(2.14.10) - ¶of.2 ~Pii Plo’ (‘U ~f’oi fio + 9)~~(1+ ~~ Con sequently

(2 . 14. 11) - 
((‘o10~~/°2& 

- 2floPi)) / (1 ~f2O -
Pu - (p~ PoiPio) / (i  

~~/
°2O f’~

)
The rocursion Lormu.lac for the autocorre lation function are :

(2.14.12) 
f°ok ‘i~O 1/°O,k—1 + 2l~1lf”l,k— 1 ‘ ñcO ‘i’olf’k,l ~i~1l~ /0k—l ,1~ fk+l ,i) ‘

/0~ ~~~oi f k,k-1 + ¶1l~?k-1,k-l 
+ (‘k+l,k-1~ 

k ~ 1.

Now - 0, jf 
(‘ii foifio’ and if - 0,j 0~~ “f ’ ~ t’io from (2.14.10).

If however 1 
~f~2o 

— 2fi~ 
0, then as a consequence f~ ~~~~~ ~

and then ¶~ 
- 0. The condition ~ + - 2 

(‘10 ~ 
0 is satisfied when

m - O , or cju -O .

3. Autoregressive Models in N - 2 D~nennions

For in - 2, (1.1) can be written an

(3.1)~~~~,~~,t 
1
~~~n~.,_ .In2

__
~o c_1Tni,n2,k

Zxi+ni,x2
+n
2,

t_Jc + a~~,x ,t .
Consider a special case of (3.1) in which only a finite number of

are non—zero, i.e., in - 2, in (1.2) ,

(3 .2)  i~’ ~~q1 ~~~ ~~rx1,x2, t n1i~_p1L_ n 2ii_p 2 k~l9n1,n2,k 
x1+n.1,x2+n2,t—k x~,x2,t

The autoregressive process defined by (3.2) is denoted as AR(r;p1,q1;p2,q2 )

- aand can be written as +3 (B,~~,BX ,Bt ) 
~

‘
~~~x2,t x1,x2,t ~ 

where
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(3.3) 
~~3

(B
~~
,B

~~
,Bt) - 1 ~~~~._p 1

E~~__p
2
E~~1 T~~,n2,k ~~~~~~~~~

Autocorrelation function, st.ationarity conditions and Yu1e-W~L ker

equations are obtained for various special cases of AR ( r; p1,q1; p2,q2).

Clearly various results obtained reduce to the corresponding results for

m -  0 or 1.

3.1 The Model AR (1; 1,0; 1,0). — .— -

From (3.2), AR (1; 1,0; l,(J) j~

(3.1.1) 
~~~~ ~

‘1’iy~i. ~~~~~~ 
+ ¶ioiZx_i,y,t_l + ¶‘ OUZx,y_ 1,t—].

+ ¶u1z~_i ,~_i,t_i + ~~~ , denoting x1 by x and x2 by y for

convenience and alao ¶-i~~ 
by 

~~ ‘?o-u by 
~~~~

First we consider two intore~ting special canes of (3.1.1)

Special Case 1. Let • 0, i.e., we consider the model

(3.1.2) Zxyl:. ~~~~~~~~~~~~ 
+ ¶ioizx_i,y, t_i + 

~~O11
Zx,y_1,t_1 

+ a t .. or
(3.1.3) (

~
4
3l(Bx~By~Bt ) z~~ — a~~~ whore

(3.1.14) 4’ 31 x~By~Bt ) - 1 - (c~7~~~ + 
~~ lOi 

8x + P 011 By) Bt
Autocorrelation function. Multiplying in (3.1.2) by ~ andx- ,y-In,t-fl

taking the expected values , we obtain

(3.1.5) - 9> 
~~~~~~~ 

+ 
~j~ioi~~1~ i m n i  + ¶ oiifl,m-i,n-i and

at least one of ..Q ,m,n greater than zero and others zero or positive ,

(3.1.ó) v — 1 + + + 2
1 000 ~1 00]. Y001 9> 10]. ~~

‘ ioi. ou lou ~
From (3.1.5) on dividing by)’000 •(3~ , we got the autocorrolation

function

(3.1.7) ftxnn — 9>ooi Pt,,~n,n—i 
+ ¶1O1I°P.—i,m,n—i 

+ ?ou fi~.,~-i ,n-i , at

loast one of 1 , m, n Y 0, and others zero or p ult ive . Prom (3 . L .o ) ,

the variance cr~ is obtained on dividing by y0~ 
as

(j .l.8) t~~ - - - ¶ ‘ioi Yioi - ~ou Y ou)~

V -~~~~
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Spectrum. Let *‘(B
~
,B

~~
Bt

) - 4
~~~

(B
~
,B
7
,Bt) , and from (3.1.14),

-2i-Trf- 1 - ( 
~~~ 

+ (f101B + Cf) 011By ) Bt. Let Bt - a

—21 11g —21-rr h in the autocovaria nce genc rating function ,and B - eB
~~~

e ,

r- ~..2 P~ ,B ,B~
) ‘4’(FX,F ,Ft ), the spectrum of autoregressive modela x y

(3.1.2) is given by

ilTg ~2i 1Ih _2i lTu ) 2
(3.1.9) p(f,g,h) - 1 - ( 1+~~101e

2 
•~~11e ) a

~tationarity. From stationarity 4)31(BX,B
Y
,Bt ) must convor (~e Lor ~ ~~ ~ 1,

I ~~~ 
and ( B ~ — ... From (3.1.14)y 

-1
(3.1.10) 413i(B~,B~,Bt ) - (~ — ~~~~~ + lf~ioi

B
~ 

4~~011
By

) B
t)

- L duO Pooi 
+~~101B 

+ ‘f)011)
d B~ . An In (4.1.10), for sbationarity

(3.1.i1)1~~~~i 
+ 9)101B~ +~

)
~ j ’c 1 for I B X~ ~~1, 1B~~ ~ 1. Taking

B
~ 

- 1, —l and B - 1, —1, the stationarity conditions are sy

(3.1.12) + + 9>~11 < 1

9’ooi - ‘rioi + ‘f’oii < ~

001 + - ~~ 1

~ 
¶ooi. - 9>101 

- 
~~ 01~ I < 1 •

Yule-Walker Equations . Multiplying throughout by ‘
~~~~ , ~~~~~

and Z
~~_i,7,~~~i 

in (3.1.2) and taking the expected values, we gei~

(3.1.13) /~ooi - ‘?ooi + ‘~ioi (~ioo + ‘f oU t~io

f’].oi - ¶
~oo~ Pioo + f ]•Q]~ + 

~ OU fuo
(‘on - ~?ooi foio + ¶ioi f’uo + 

~f on • Let

(3.1.114) 1 Pioc /
0
010 ~

D-
1/100 

1 
~~~ - 

~~ 
- /0 - P~~ flW) ~l00 ~~ 10Vo~ (>110 1
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(3.1.15) 
~!‘ooi (>i.oo f’oio

D 1 
~(‘lO1 ~~~ II fon (‘no

(3.1.16) 1 ~ (‘ooi (‘oio I
101 )f’100 (‘101 (ho 1•

1/ 001 0 / 0011 1 1

(3.1.17) i. ‘
~~~ (ooi j

1’ 
- 1 P101

1
Jfo].o (i.io fbii I

Special Case 2. Let - 0 and - 0. This reduces to a time

series in m — 1. dimensions and the model is • 1
+~~ z + a O~, ~~~ ~

(3.1.18) 
A or Vz -~~~zxyt 1 x-1,y, t-1 2 x,y-1,t-1 xyt

(1- O ’BB -l x t

Autocorrelation function. Multiplying throughout in (3.1.18) by
N
Zx_~~y_m,t_n and taking expected values, we obtain

(3.1. 19) 
~~~~~~~~~~~~~~~~ 

- 9i rL_i,m,n_i + 

~2 Ye at least one of &In,n70, and,m 1,n—1
(3.1.20 ) 

~~~~~~ 
- 8

1 1101 + 
~~2 You +~~~~ ~~viding by y~~ we get from (3.1.20) H

(3.1.21) /°e.,m,n - ~ i Pt—1,m,n-i + 
~ 2 j9L,m—1,n—1 , and

(3.1.22 ) 1 
~~l (‘101 + ‘~2 fOU + cT2/ q 2 

. From (3.1.22), the

varianse (J~ is given by - - 01 !~~ 1 ~2/~
’U)

Spectrum. Prom (3.1.ih)

(3.1.23) 4) (B~,B
7
,Bt) - 1-  

~~i
Sx .9

2B7
) B

t.

(3.1.214) Let +(B~,B7,
Bt) - + ‘(B

~
,3
7
,Bt). Th. autocovariance generating

function is given by r. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Let Bt 
. ~~~~~~

B
~ 

- ~~~~~~ and - e21T~
’. The spectrum of the AR process (3.1.18)

is given by
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(3.1.25) p(f,g,h) 2 1
~a,/f1 - (e •-21’r g 

+ 02e
2
~~ 

h) e
_2u1

~~ 
2

o~f~½, ~~~~~~ O~~h~~½.

Stationarity. Expanding (3.1.18) as in (2.1.10), the stat.ionarlty conditions are

(~~1B~ 
+a2B71< 1, ) B~ ~- l ~ and~~B~ t~~~1~ which gives

(3.1.26) Is ]. + 
~ 2 I < I 

~i 
— < 1. These conditions are similar to (2.1.10).

Tule-Wa)icer Equations. Multiplying by ‘
~~ 1,y,~~1 

and 
~~~~~~~~ 

and taking

expected values on both sides, dividing by y~~, - , we get

(3.1.2?) (‘101 - ~~i. + (‘no and

(3.1.28) Pou ~1f11O 
+ 

~ 2 3o~~jng, we get

(3.1.29) 8
~ 
“(l”ioi _ f ’ouJ0uo)/(1 f ~ io )

8 2 “ ((‘on - fioi fuo)/(’ ~~~~~~
This model and a].]. results obtained are similar to the m • 1. d.lmensiona].

modal considered in section 2.]

3.2 Other Mudels. Yule-Walker equations, autocorrelation functions and

some other results are obtained for other models m - 2,but are not reported

in this paper. Some of these models are :

A. AR (1; 1,1,1,1) Nine point model (10 parameters) — -.

B. Special case of A S point model (6 parameters) 
~ $~ ~

lp 
~

C. With B - AR (2; 1,1; 1,1) 
I!

5 point model - (11 parameters) —

0. Special case of AR (1;,2,2; 2,2)
4

13 point model (114 parameters ) ,~ • • _

B. For model given in (3.1.1) ‘ .

14. Conclusions. The genera]. autoregressive models in in dimensions have been
defined and genera]. theorems obtained. The well-known sero dimensional theory
is a sub-case. Important cases for in - ]. a> d 2 have beun c itd*ired and U&u~r

properties investigated.
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